The integrability of coupled KdV equations is examined. The simplified form of Hirota's bilinear method is used to achieve this goal. Multiple-soliton solutions and multiple singular soliton solutions are formally derived for each coupled KdV equation. The resonance phenomenon of each model will be examined.
Introduction
The celebrated KdV equation is considered one of the most significant equation in the theory of integrable systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . It gives multiple-soliton solutions, has an infinite number of conservation laws, bi-Hamiltonian structure, a Lax pair, and many other physical properties. The coupled KdV equation attracted a considerable amount of studies due to its significance in theoretical physics and many scientific applications. Several distinct approaches have been employed to establish coupled KdV equations. For example, singularity analysis combined with the prolongation technique was used in [1] to establish a new coupled KdV equation. In [2] , the 4 × 4 matrix spectral problem with three potentials has been used to develop one hierarchy of coupled KdV equation. The celebrated KdV equation reads + 6 + = 0 (1) * E-mail: wazwaz@sxu.edu that gives multiple soliton solutions. On the other hand, the KP equation extends the KdV equation, and is given by ( + 6 + ) + = 0 (2) that also gives multiple soliton solutions. Other completely integrable equations such as the Gardner equation, the sine-Gordon equation, the modified KdV equation, and others also give multiple soliton solutions. In this work, we aim to study two new hierarchies of nonlinear evolution equations. An interesting equation in this hierarchy is a new coupled KdV equation [1] =
and [2] = − − 3
The two coupled KdV equations (3) and (4) are formally derived in [1] and [2] respectively. Both coupled KdV equations were investigated in [1, 2] and some of the references therein. The integrability of the coupled KdV equation (3) was investigated by using Painlevé analysis [1] . However, in [2] , the coupled KdV equation (4) was handled by converting it to a corresponding finite-dimensional integrable system.
Many reliable methods are used in the literature to examine the completely integrable coupled KdV equations. The Hirota bilinear method [3] [4] [5] [6] [7] [8] , the Bäcklund transformation method [9] , the inverse scattering method, the Painlevé analysis, the solitary wave ansatz [9] [10] [11] [12] [13] [14] , and other methods were effectively used in [15] [16] [17] [18] and the references therein to determine multiple soliton solutions for completely integrable equations. Each method has its own significant properties. The Hirota's bilinear method is rather heuristic and possesses significant features that makes it practical for the determination of multiple soliton solutions [19] [20] [21] [22] [23] [24] [25] [26] for a wide class of nonlinear evolution equations.
As stated before, the Hirota's method is widely used in the literature. In [27, 28] , the Hirota's direct method to handle two nonlinear evolutions models. Houver, in [29] , the double Exp-function method was used to handle the nonlinear equations. The three-wave method was used in [30, 31] as an effective approach to handle solitonic equations. Recently, in [32] the homotopy was employed to handle a class of nonlinear partial differential equations. It is obvious that a variety of useful methods is used to conduct analysis on coupled nonlinear evolution equations.
The integrability of the coupled KdV equation (3) is examined in [1] by using the singularity analysis and the prolongation technique. The coupled KdV equation (4) is examined in [2] by using the generalized bi-Hamiltonian structures with the aid of the trace identity.
The aim of this work is two fold. First, we aim to apply the simplified form of Hirota's bilinear method, developed by Hereman et al. [9] , to show that the two coupled KdV systems (3) and (4) are completely integrable. We second aim to determine multiple-soliton solutions and multiple singular soliton solutions for each coupled equation. It is interesting to note that the integrability of any coupled equation can be justified through a variety of powerful methods, such as inverse scattering method, Hirota bilinear method [3] [4] [5] [6] [7] [8] , the Bäcklund transformation method [9] , and many others. Each one of these methods has its own characteristics. The main goal of this work is show the integrability of the two coupled KdV systems (3) and (4) through the determination of N-soliton solutions. In other words we aim to formally derive the multiple soliton solution of each coupled equation, and this by itself will lead to the integrability of these equations. Unlike the Hirota's method, where analysis goes through the use of the Hirota's bilinear operators, the Hereman's simplified method [9] approaches any problem through the employment of the auxiliary functions. The Hereman's method showed superiority over some of the existing techniques.
The simplified form of Hirota's method
It is interesting to note that Hereman et al. [9] established a simplified form of the bilinear method that depends mainly on the auxiliary function ( ) and does not require the use of of the Hirota's bilinear forms. This is a significant feature of Hereman's approach that gives it more power in handling nonlinear equations.
In what follows, we only summarize the main steps of the simplified form method established by Hereman et al. [9] . We first substitute
into the linear terms of the evolution equation to determine the dispersion relation between and . We then substitute the single soliton solution
into the given equation, where the auxiliary function ( ) is given by
such that
and solving the resulting equation to determine the numerical value for R. Notice that the N-soliton solutions can be obtained by using the following forms for ( ) into (6): (i) For single soliton, we use
(ii) For two-soliton solutions, we use
where 12 is the phase shift that should be determined.
(iii) For three-soliton solutions, we use
The determination of three-soliton solutions confirms the fact that N-soliton solutions exist for any finite order N 1. Multiple soliton solutions are obtained for C 1 = C 2 = C 3 = +1. However, multiple singular soliton solutions are obtained if C 1 = C 2 = C 3 = −1.
Completely integrable equations
Many systematic methods are usually employed to examine the complete integrability of a nonlinear evolution equation. The Lax pairs, the Painlevé analysis, the inverse scattering method, the Bäcklund transformation method, and the Hirota bilinear method are mostly used. The Hirota's bilinear method and the Hereman's simplified form of the bilinear method are rather heuristic and possesses significant features that make it ideal for the determination of multiple soliton solutions for a wide class of nonlinear evolution equations.
In solitary waves theory, it was shown that some nonlinear equations, such as the mKdV equation with timedependent coefficients, give only one soliton solution. Moreover, it was stated that there exists nonlinear equations that give rise to two soliton solutions but do not have N-soliton solutions for N > 2. In other words, this means that if an equation has N = 2 solitons, it does not imply it has N = 3 solitons. Examples of these equations with two solitons only are the ninth-order KdV and sixth-order Boussinesq equations.
Most importantly, every solitonic equation that has N = 3 soliton solutions, it also has soliton solutions for N 4, hence called integrable. Hirota [3] [4] [5] [6] , Hietarinata [7, 8] , and Hereman et al. [9] worked and confirmed this result in a series of papers.
In summary, the existence of one soliton or two soliton solutions does not imply the existence of three or more soliton solutions. However, for any equation with N = 3 soliton solutions, then solutions for N 4, for finite N exist and hence the equation is completely integrable. For more ideas, the reader is advised to read the references [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and some of the references therein.
The first coupled KdV equation
We first consider the coupled KdV equation
To determine the regular soliton solutions, we use C 1 = C 2 = C 3 = 1. Substituting
where A is a constant, into the linear terms of (12) gives the dispersion relation by
This means that
The multi soliton solutions of (12) is assumed to be
where R 1 and R 2 are constants that will be determined. The auxiliary function ( ) for the single soliton solution is given by
Substituting (17) in (12), and solving for R 1 and R 2 we find a set of possible values given by
Substituting (17) in (16) 
Using (22) in (12), we obtain the phase shift by
and hence we set
The second set of two soliton solutions are obtained by substituting (23) and (22) into (16), where R 1 and R 2 are defined in (18) . It is interesting to point out that equation (12) 
Proceeding as before, we find 123 = 12 23 13 (26) This shows that the three solitons solutions are obtainable. The three soliton solutions are obtained by substituting (25) into (16) . This shows that the coupled KdV equation (12) is completely integrable and N-soliton solutions can be determined for ( ) and ( ), for finite N, where N 1.
It is interesting to point out that singular soliton solutions can be obtained by setting
For example, the following set of single singular soliton solutions
( ) = 48
and ( ) = 64
can be obtained. Sets of two singular soliton solutions and three singular soliton solutions can be formally derived in a like manner.
The second coupled KdV system
We begin our analysis by considering the coupled KdV system
We proceed as before and set
into the linear terms of (30) gives the dispersion relation by = 3 (32) and as a result we obtain
The multi soliton solutions of (30) is assumed to be
where R 1 R 2 and R 3 are constants that will be determined. The auxiliary function ( ) for the single soliton solution is given by
Substituting (35) in (30), and solving for R 1 R 2 and R 3 we find
where α is any real constant. Substituting (35) in (34) gives the single soliton solutions
For the two soliton solutions we set
Using (38) in (30), we obtain the phase shift by
The two soliton solutions are obtained by substituting (39) and (38) 
Proceeding as before, we find 
The two singular solutions and the three singular soliton solutions can be obtained in a like manner.
Discussion
It is interesting to point out that we formally showed the integrability of the coupled KdV equations by the determination of the multiple soliton solutions. The simplified form of the bilinear method, established by Hereman et al. [9] is used to study the integrability of the two coupled KdV equations. The two coupled KdV equations were formally derived in [1] and [2] and was examined by many by using different methods. The most important feature of Hereman's approach is that you do not need to use the bilinear forms. Multiple soliton solutions are formally derived for each system. We derived three solitons solutions for each model as shown by (25) and (41) respectively. The analysis confirms the fact that certain equations which have N-soliton solutions, have simultaneously, N-singular soliton solutions. The obtained results for the phase shift show that the two systems are resonance free. The Hereman's method shows power over some of the existing techniques.
